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. , . ,
$r_{n}$ , $n$
.
, Fermat test Fermat .
1.1. $n$ , $a$ $gcd(a,n)=1$ . .
$a^{n-1}\equiv 1$ $(mod n)$ . (1)
, Fermat test 1.1 , $n$ $gcd(a, n)=1$
$a$ (1) . (1) $n$
. , , (1) $n$
$n$ .
$2^{S41-1}\equiv 1(mod 341)$ $341=11\cdot 31$ .
$T$ $T$- . , Fermat test
, $P$ , $P$ T . (
, 341 2 Fermat . )
, Strong Fermat test (Miller-Rabin test) [1], Quadratic IFtobenius test [1]
, $O((\log n)^{3})$ .
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Eratosthenes ( ) . ,
$n$ , $O(\sqrt{n}/\log n)$
. ( . ) , bit $O(\sqrt{n}\log n)$
, . ( $O((1ogn)^{6})$
. )
, $n-1$ , $n$ $n-1$
, $n$ ,
log $n$ .
, AKS [2] , $n$ log $n$
. ,
$O((\log n)^{5})$ .




. extended Riemann hypothesis strong Fermat test [6]
. , extended Riemann hypothesis ,
.
1.2. extended Riemann hypothesis . $n$ ,
strong Femat test $n$ $gcd(a,n)=1$ $a\in \mathbb{Z}$
$[2, 2(\ln n)^{2}]$
.
12 , $2(\ln n)^{2}$ , $O(2(\log n)^{2}\cdot(\log n)^{3})=$
$O((\log n)^{5})$ .
, quadratic IFlirobenius test
. Quadratic Firobenius test , J. Grantham
, .
1.3 $a,$ $b$ $\Delta=a^{2}-4b\neq 0$ . $n$ $gcd(n, 2b\Delta)=1$
. .
$x^{n}\equiv\{\begin{array}{ll}a-x (mod (x^{2}-ax+b, n)), ( (\frac{\Delta}{n})=-1 \text{ }),x (m d (x^{2}-ax+b,n)), ( (\frac{A}{n})=1 \text{ })\end{array}$
(2)
2
quadratic Robenius test Robenius autmorphism
. , $(\mathbb{Z}/n\mathbb{Z})[x]/(x^{2}-ax+b)$ , $(a, b)$
Frobenius test .
, $n$ $\mathcal{O}((\log n)^{2})$
(2) $(a, b)$ . , $n$ Frobenius
$(a, b)$ $n$ . [7] , Robenius
, , $n,$ $a,$ $b$ .
, Grantham [1] , $(-5,5)$ $n\equiv\pm 2(mod 5)$ $n$




, Quadratic Frobenius test .
2.1 Quadratic Robenius test
Quadratic IFbobenius test , J. Grantham [1] , 13
. , $n$ $gcd(n, 2b\Delta)=1$ (2) , $(a, b)$
quadratic Frobenius . , $(a, b)$ Robenius ,
fpsp$(a, b)$ .
[1] $\Delta=a^{2}-4b$ , $\Delta$ , Frobenius test
Fermat test . , $\Delta$ , $n$ $P$
$\Delta$ , Robenius test Fermat test . ,
$\Delta$ . , $\Delta\neq 0$ Robeniu8test
$gcd(n, 2b\Delta)=1$ .
21 (3) .
2.1. $a,$ $b$ $\Delta=a^{2}-4b\neq 0$ . $gcd(n, 2b\Delta)=1$ $n$
fPsp$(a, b)$ .
$x^{n-()} \bigwedge_{n}$
$\equiv$ $\{\begin{array}{ll}b (mod (x^{2}-ax+b,n)) ( (\frac{\Delta}{n})=-1 \text{ }),1 (mod (x^{2}-ax+b,n)) ( (\frac{\Delta}{\mathfrak{n}})=1 \text{ }).\end{array}$
(3)
2.2 Robenius
, fPsp$(a, b)$ $(a, b)$
, “ ” . ( ,
3
$\mathbb{Z}/p^{e}\mathbb{Z}$ $e>1$ , “ ” “ ”
. ,
. . )
Robenius test $n$ $(\mathbb{Z}/n\mathbb{Z})[x]/(x^{2}-ax+b)$ $x$ .
$x$ $M$ , $m$ $\Phi_{m}(x)$ ,
$x^{M}-1= \prod_{m|M}\Phi_{m}(x)---:0$
$(mod (x^{2}-ax+b,p^{e}))$
$n$ $p^{\epsilon}$ . , $x^{2}-ax+b$ $\mathbb{Z}/p^{e}\mathbb{Z}$ $x^{M}-1$
, $x^{M}-1$ .
, $\mathbb{Z}/p^{e}\mathbb{Z}$ $m$ $\Phi_{m}(x)$ , Hensel , $F_{p}$
.
Frobenius [7] . ,
.
, $e>1$ $\mathbb{Z}/p^{\epsilon}\mathbb{Z}$ . ,
.
2.2. $g(x)$ $h(x)$ . $h(x)\equiv 0(mod (p^{e},g(x)))$
, ${}^{t}g(x)$ $\mathbb{Z}/p^{e}\mathbb{Z}$ $h(x)$ ” , $g(x)|_{P}\cdot h(x)$ .
23. $g(x)$ . ,
$g(x)\equiv s(x)t(x)$ $(mod p^{\epsilon})$ and $0<\deg s<\deg g$ .






, $\alpha^{ord(p,\alpha)}=1$ $1<\forall k\leq ord(p^{\epsilon}, \alpha)-1$ $\alpha^{k}\neq 1$ .
25 $g(x)\in(\mathbb{Z}/p^{\epsilon}\mathbb{Z})[x]$ $(\mathbb{Z}/p^{e}\mathbb{Z})$ . , $\alpha\in((\mathbb{Z}/p^{e}\mathbb{Z})[x]/(g(x)))^{*}$
$ord(p^{\epsilon},g(x),$ $\alpha$).
.
, $\alpha^{ord(p,g(x),\alpha)}=1$ $1<\forall k\leq ord(p^{\epsilon}, g(x),$ $\alpha$) $-1$ $\alpha^{k}\neq 1$ .
4
2.3 IFhrobenius ICF
Frobenius , $(a, b)$ $n$ Frobenius
(ICFl) (ICF5) .
$1\leq a,$ $b\leq 10$ $\Delta=a^{2}-4b$ $(a, b)$ , $[50000, 10^{8} +50000]$
Robenius test . , fPsp$(a, b)$ 1000
$(a, b)$ . , $b=1$ $(a, b)$ Lucas sequence
$(a, b)$ . Lucas test . , $b=-1$
, fPsp$(a, -1)$ 500 . $(a, b)$ Robenius
, $(a, b)$ . , $( \frac{\Delta}{n})=-1$
$b\neq\pm 1$ . $n=fpsp(a, b)$ 291409 .
, $b=\pm 1$ $( \frac{\Delta}{n})$ , Robenius .
Robeniu8 .
2.6 (Frobenius pseudoprime of the flrst type). $n$ fPsp$(a, b)$ , [ $n$
$P$ $(_{p}^{A})=1$ . , $n$ $(a, b)$ Frobeius pseu& $i\pi oe$ of the
first tyPe , fPspl $(a, b)$ .
2.7 (libobenius pseudoprime of the second type). $n$ fPsp$(a, b)$ , $n$
1 $p$ $( \frac{\Delta}{p})=-1$ . , $n$ $(a, b)$ Frobeius
pseud prime of the second tyPe , $fpsp2(a, b)$ .
2.8 (Frobenius pseudoprime of the third type). $n$ fPsp$(a, b)$ , $b\equiv 1(mod n)$
$( \frac{\Delta}{n})=-1$ . , $n$ $(a, b)$ Frobeius pseudoprime of the third type
, $fpsp3(a, b)$ .
2.9 (Frobenius $pseudopr\ddagger me$ of the fourth type). $n$ fpsp$(a, b)$ , $b\equiv-1(mod n)$
$( \frac{\Delta}{n})=-1$ . , $n$ $(a, b)$ Frobeius pseudoprime of the fourth
type , $fpsp4(a, b)$ .
2.10 (litobenius pseudoprime of the fifth type). $n$ fpsp$(a, b)$ , $b\neq\pm 1(mod n)$
$( \frac{\Delta}{n})=-1$ . , $n$ $(a, b)$ \star ‘tt Frobeius $pseud_{W}$ime of the fifth type
, $fpsp5(a, b)$ .
, $n$ fPsp$(a, b)$ $(n, a, b)$ .
.
2.11 (Inefflcasious conditions of Frobenius test $(ICF)$).
Mben , nefficacious Conditions of Robenius test $(ICF)’$
.
, $(a, b)=(1,1)$ $n$ $gcd(n, 6)=1$ ICF . ,
$n$ fPsp$(1,1)$ .
, lobenius , ICFl ICF5 .
5
2.12 (ICF of the first type (ICFl)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{i=1}^{k}p_{i}^{e}$ : . $(n, a, b)$ “ICFl” .
$(ICF1-1)$ $i\in[1, k]$ , $f(x)\equiv(x-c_{i,1})(x-q_{2})(mod p_{i}^{e_{t}})$ ,1 $\neq c_{i,2}(mod p_{i}^{e:})$ .
$x-$ ,1 $|_{p^{\epsilon_{i}}}:\Phi_{m}.(x),$ $x-$ ,2 $|_{p};:\Phi_{m_{l}’}(x)$
, $m_{i}’$ .
$(ICF1-2)m=lcm(m_{1}, m_{1}’, \ldots, m_{k}, m_{k}’)$ $n\equiv 1(mod m)$ .
$n$ $fpsp1(a, b)$ , $(n, a, b)$ ICFl .
2.13 (ICF of the second type (ICF2)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{i=1}^{k+\ell}p_{i}^{e}$‘ . $(n, a, b)$ “ICF2”
.
(ICF2–1) $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{\dot{v}}^{e\iota}\mathbb{Z}$ , $f(x)|_{p_{i}^{*}}:\Phi_{m}(x)$ $m_{j}$ .
(ICF2–2) $\sum_{i=1}^{k}e_{i}\equiv 0(mod 2)$ .
(ICF2-3) $i\in[k+1, k+\ell]$ , $f(x)\equiv(x-q_{1})(x-c_{i,2})(mod p_{\dot{\iota}}^{c_{\mathfrak{i}}})$ ,1 $\neq c_{t,2}(mod p_{i}^{e:})$
,
$x-$ ,1 $|_{p}*:\Phi_{m}:(x),$ $x-c_{j,2}|_{p}::\Phi_{m’}.(x)$
$m_{i},$ $m_{i}’$ .
(ICF2-4) $m=lm(m_{1}, \ldots, m_{k}, m_{k+1}, m_{k+1}’, \ldots, m_{k}+\ell, m_{k+\ell}’)$ $n\equiv 1(mod m)$ .
$n$ $fpsp2(a, b)$ , $(n, a, b)$ ICF2 .
2.14 (ICF of the third tyPe (ICF3)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{i=1}^{k+t}p_{i}^{e}$‘ . $(n, a, b)$ ${}^{t}ICF3’’$ .
(ICF3-1) $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{i}^{\epsilon}$‘ $\mathbb{Z}$ , $p_{i}\equiv-1(mod m\iota),$ $f(x)|_{p_{i^{5}}}\cdot\Phi_{m:}(x)$
$m_{i}>2$ .
(ICF3–2) $\sum_{i=1}^{k}e_{i}\equiv 1(mod 2)$ .
(ICF3-3) $i\in[k+1, k+\ell]$ , $f(x)\equiv(x-c_{1})(x-c_{i}^{-1})(mod p_{i}^{e:})$ , $x-c_{1}|_{p}::\Phi_{m:}(x)$
$m:>2$ .
(ICF3-4) $m=lcm(m_{1}, \ldots,m_{k+\ell})$ $n\equiv-1(mod m)$ .
$n$ $fpsp3(a, b)$ , $(n, a, b)$ ICF3 .
2.15 (ICF of the fourth (ICF4)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{|=1}^{k+\ell}p_{i^{:}}^{e}$ . $(n, a, b)$ “ICF4 $n$ .
(ICF4–1) $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{\dot{\iota}}^{G:}\mathbb{Z}$ , $f(x)|_{p^{\epsilon}}.:\Phi_{m}:(x)$
$s_{i}\geq 2,$ $p_{i}\equiv 2^{e:-1}r_{i}-1$ $(mod m)B_{1’}\supset m_{i}\neq 4$
$m_{i}=2^{*}\cdot r_{i}$ . $r_{i}$ .
(ICF4–2) $\sum_{\mathfrak{i}=1}^{k}e_{1}\equiv 1(mod 2)$ .
(ICF4-3) $i\in[k+1, k+\ell]$ , $f(x)\equiv(x-c_{i})(x+c_{i}^{-1})(mod p_{i}^{\epsilon:})$ , $x-c_{*}\cdot|_{p}::\Phi_{m}:(x)$
$m_{i}$ .
(ICF4-4) $m=lcm(m_{1}, \ldots, m_{k+\ell})$ , $n\neq-1(mod m),$ $2(n+1)\equiv 0(mod m)$ \leq .
$n$ $fpsp4(a, b)$ , $(n, a, b)$ ICF4 .
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2.16 (ICF of the fifth type (ICF5)). $a,$ $b$ $f(x)=x^{2}-ax+b$ , $n$
$n= \prod_{i=1}^{k+\ell}p_{i}^{e_{i}}$ . $(n, a, b)$ ${}^{t}ICF5$ ’ .
$(ICF5-1)$ $i\in[1, k]$ , $m_{i}|gcd(p_{i}n-1,p_{i}^{2}-1),$ $m_{i}$ \dagger $p_{i}-1$ $m_{i}$ .
$(ICF5-2)$ $i\in[1, k]$ , $f(x)$ $\mathbb{Z}/p_{i}^{e}\mathbb{Z}$ , $f(x)|_{p^{\epsilon_{\mathfrak{i}}}}\dot{.}\Phi_{m_{i}}(x)$ .
$(ICF 5-3)\sum_{i=1}^{k}e_{i}\equiv 1(mod 2)$ .
$(ICF5-4)$ $i\in[k+1, k+t]$ , $m_{i}|gcd$ ($n^{2}-1$ ,Pi–l), $m_{i}\{n-1$ $m_{i}$
.
$(ICF5-5)$ $i\in[k+1, k+\ell]$ } , $f(x)\equiv(x-c_{i})(x-c_{i}^{n})(mod p_{i}^{e\iota})$ , $f(x)|_{p}*:\Phi_{m:}(x)$
.
$(ICF5-6)b\neq\pm 1(mod n)$ .
$n$ $fpsp5(a, b)$ , $(n, a, b)$ ICF5 .
3 Grantham ICF5
Ftobenius test .
3.1 (Grantham ) $n\equiv\pm 2(mod 5)$ $n$ $fpsp5(-5,5)$
.
Dirichlet , $n_{i}\equiv\pm 2(mod 5)$ $n_{i}$ $n_{j}\equiv\pm 1(\bm{m}od 5)$ $n_{j}$
. , Grantham , Robenius test
$O((\log n)^{3})$ .
3.1 ICF5 $( \frac{b}{n})=-1$
$n$ $n\equiv\pm 2(mod 5)$ , $( \frac{5}{n})=-1$ . , $n$ fPsp$(-5,5)$
, $\Delta=b=5$ , $n$ $fpsp5(a, b)$ $( \frac{b}{n})=-1$
. .
3.2 $n$ $fpsp5(a, b)$ . $P$ $n$ $( \frac{\Delta}{p})=1$ .
$( \frac{b}{p})=1$ .
33 $\Delta=a^{2}-4b\neq 0$ $f(x)=x^{2}-ax+b$ . , $q$ $( \frac{\Delta}{q})=(\frac{\Delta}{q})=-1$
. , $x\in(\mathbb{Z}/q\mathbb{Z})[x]/(f(x))$ $m$ , $s$ $t$ $q^{2}-1=2t$
, $m$ $2^{s}$ .
, $q^{2}-1$ 8 .
3.4 $\Delta=a^{2}-4b\neq 0$ $f(x)=x^{2}-ax+b$ . , $q$ $( \frac{\Delta}{q})=(\frac{\Delta}{q})=-1$
.
$f$
$x\in(\mathbb{Z}/q\mathbb{Z})[x]/(f(x))$ $m$ 8 .
7
3.2 $n=pq$ Grantham
Grantham , , $p,$ $q$ $n$ .
Grantham $fpsp5(-5,5)$ .
3.5 $n$ fPsP$(a, b)$ $n$ fPsp$(-a, b)$ .
, Grantham $fpsp5(5,5)$
.
$f(x)=x^{2}-5x+5$ , $n=pq$ $fpsp5(5,5)$ $p,$ $q$ $( \frac{5}{p})=1,$ $( \frac{5}{q})=-1$
. ,
$p\equiv\pm 1$ $(mod 5)$ , (4)
$q\equiv\pm 2$ $(mod 5)$ (5)
. $\Delta=5$ , $f(x)$ $P$ , $q$
. , $c_{1}$ , c2 $f(x)\equiv(x-c_{1})(x-c_{2})(mod p)$ .
, $n,$ $a,$ $b$ ICF5 .
(ICF5–3) (ICF5–6) .
(ICF5–2) , $f(x)$ $F_{q}$ . ,
$m_{q}=ord(q, f(x),x)$ $f(x)$ $q$ $m_{q}$ $\Phi_{m_{q}}(x)$ .
(ICF5–1) , $m_{q}$ . $\Phi_{m_{q}}(x)$ $F_{q}$
$m_{q}|q^{2}-1,$ $m_{q}$ \dagger $q-1$ , $m_{q}|$ qn-l,
$m_{q}|p-1$ (6)
.
(ICF5-4) (ICF5-5) . (ICF5-5) $c_{1}^{n}\equiv c_{2}$ (mod P) , $m_{p}=ord(p, c_{1})$
$f(x)$ $P$ $m_{p}$ $\Phi_{m_{p}}(x)$ . ,
$c_{1}^{q}\equiv c_{2}$ $(mod p),$ $c_{2}^{q}\cong c_{1}$ $(mod p)$ (7)
. (ICF5–4) , $m_{p}|gcd(n^{2}-1,p-1)=gcd(q^{2}-1,p-1),$ $m_{p}$ \dagger $q-1$
, . .
$(x-c_{1})(x-c_{2})$ $P$ $\Phi_{m_{p}}(x)$ , $\Phi_{m_{p}}(x)$ $P$
. ( $( \frac{\Delta}{p})\neq 0$ $c_{1}\not\equiv c_{2}(mod p)$
) , , $m_{p}$ $p-1$ . $m_{p}$ \dagger $q-1$ , $m_{p}|q-1$
$c_{2}\equiv c_{1}^{q}\equiv c_{1}(mod p)$ . $m_{p}|q^{2}-1$ (7)
.
\rangle $( \frac{b}{n})=(\frac{5}{n})=1$ , 3.4 $m_{q}$ 8 . $m_{q}|p-1$
$p\equiv\pm 1(mod 5)$




3.6 $n=pq$ $fpsp5(5,5)$ , $( \frac{5}{p})=1$ $( \frac{5}{q})=-1$ . ,
$f(x)=x^{2}-5x+5\equiv(x-c_{1})(x-c_{2})(mod p)$ , $m_{q}=ord(q, f(x),$ $x$ ) $,$ $m_{p}=ord(p, c_{1})$ .
.
(I) $p\equiv 1,9$ $(mod 40),$ $q\equiv 2,3$ $(mod 5)$ ,
(II) $m_{q}|p-1$ ,
(III) $c_{1}^{q}\equiv c_{2}$ $(mod p)$ and $c_{2}^{q}\equiv c_{1}$ $(mod p)$ .
$(p, q)$ , $pq$ Grantham Robenius
.
, .
36 (I), (III) , $P$ $q$ . ,
$P$ . , $P\equiv 1,9(mod 40)$ $P$ , $P$
$f(x)=x^{2}-5x+5$ . , $P\equiv\pm 1(mod 5)$ , $f(x)$
$(x-c_{1})(x-c_{2})$ , $m_{p}$ $p-1$ . $c_{1},$ $c_{2}$ (III)
, $q$ ,
$c_{1}^{t}\equiv c_{2}$ $(mod p),$ $c_{2}^{t}\equiv c_{1}$ $(mod p)$ (9)
$t$ $\neq$ . , $P$
.
, $P$ $\neq$ . , $p$ (I) (III) $q$
. (III) (9)
$q\equiv t$ $(mod m_{p})$ ,
. (I) $q\equiv\pm 2(mod 5)$ .
$q$ ) $m_{q}$ $m_{q}\{p-1$ .
, $p,$ $q$ , $n=pq$ $fpsp5(5,5)$ .
.
3.7
1, $p\equiv 1(mod 40)$ $P$ .
2, $x^{2}-5x+5$ $P$ $(x-c_{1})(x-c_{2})$ .
3,
$c_{1}^{t}\equiv c_{2}$ (mod p), $c_{2}^{t}\equiv c_{1}$ $(mod p)$
$t$ . 1 .
4, $c_{1}\in F_{p}$ $m_{p}$ .
5,
$q\equiv t$ $(mod m_{p}))q\equiv\pm 2$ $(mod 5)$ (10)
$q$ . 1 .
6, $x\in F_{q}[x]/(f(x))$ $m_{q}$ .
7, $m_{q}|p-1$ $pq$ , $1\sim$ .
9
(8) $[0,10^{9}]$ p , 521, 221401
. , $P$ ,
$p\equiv 1,9$ $(mod 40)$ ,
$\exists t\in \mathbb{Z},$ $c_{1}^{t}\equiv c_{2}$ $(mod p),$ $c_{2}^{t}\equiv c_{1}$ $(mod p)$ .
. , $P$ $q$ , 521 221401
$q$ .
$(p, t, m_{p})$ (521, 181, 260) (221401, 17549, 36900) . , $t\equiv\pm 1(mod 5)$
5 $|$ % . (10) $q$ .
.
38 $n=pq$ , $P$ $q$ $( \frac{5}{p})=1,$ $( \frac{5}{q})=-1$ . , $n$
$fpsp5(5,5)$ $p>10^{9}$ $\blacksquare$
4




$q$ $n=q_{1}q_{2}q_{3}$ $( \frac{\Delta}{q})=-1(i=1,2,3)$ .
, $n=pq$ ICF5 , $fpsp5(5,5)$ ,
.
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